As early as in 1907, Einstein showed that the light speed must be larger at spacetime points with higher gravitational potential. This idea is used here to present a relativistic version of a recent model which explains the acceleration of the Pioneer 10 spaceship as the effect of a universal adiabatic acceleration of light. This phenomenon would have the same observational signature as an acceleration of the ship. It is shown in this work that such acceleration would be due to an acceleration of the proper time with respect to the coordinate time.
Introduction
Anderson et al reported in 1998 the observation of an the anomalous acceleration a P in the Pioneer 10/11, Galileo and Ulysses spacecrafts, equal to a P ≃ 8.5 × 10 −10 m/s 2 , constant and directed towards the Sun [1] . More precisely, they observed a Doppler blue shift in the radio signals from these ships, which increases linearly in time, so thatν/ν = a P /c (= const). Obviously, its simplest interpretation is that the ships were not following the predicted orbits but had an extra unmodelled acceleration towards the Sun, as if our star pulled a bit too much from them with a force independent of the distance. The effect is still unexplained [2] . Intriguingly enough, it does not show up in the planets. Anderson et al suggested the possibility that the effect could be due to "new physics".
In some previous papers [3, 4, 5] , a model was presented that proposes an explanation for this riddle, showing that it could be due to a universal and adiabatic acceleration of light, which would have the same observational footprint as the observed blue shift. That model is based on an application of the fourth Heisenberg relation which, combined with the expansion of the universe, would produce a progressive decrease of the optical density of the quantum vacuum, more precisely a progressive decrease of the permittivity and permeability of empty space, the consequence being a very small acceleration of light. However, that first model was Newtonian. To show that it can be formulated in a relativistic version is the purpose of this paper.
It turns out (and this must be stressed) that an adiabatic acceleration of light a ℓ has the same observational signature as a Doppler blue shift, as was shown in [4] (see also [5] ). This can be understood easily, just by taking the wave equation with variable speed for the field, for instance [∇ 2 − c −2 (t)∂ 2 t ]E = 0, with c(t) = c 0 + a ℓ t (the same result is obtained by using H instead). At first order in a ℓ the plane wave solutions are E = E 0 exp{−2πi[z/λ − (ν 0 +νt/2)t]} with constant λ andν/ν 0 = a ℓ /c (note that the frequency is the time derivative of the phase, i.e. d[(ν 0 +νt/2)t]/dt = ν 0 +νt = ν 0 [1 + a ℓ t/c]). In other words, all the increase of the speed is used to increase the frequency, the wavelength remaining constant. This has two consequences: (i) an acceleration of light a ℓ = a P would produce an extra blue shift in radio signals, linearly increasing in time and having therefore the same observational effect as the unmodelled acceleration towards the Sun of the Pioneer and other spacecrafts, and (ii) the atomic clocks would be accelerating, since their periods would decrease. The blue shift would be due to the acceleration of light, not to the motion of the ships which would be following then and now the standard laws of gravitation without any extra pull from the Sun.
In other words, the Pioneer effect would be explained by finding a good reason for the light to accelerate with a ℓ close to a P . In that case, it would be a manifestation of the light acceleration, quite unrelated to the motion of the ship. This paper presents a relativistic argument which shows that such an adiabatic acceleration of light follows from standard physics, what would give a solution to the riddle. In a sense, it shows that the effect could have been predicted before being observed. The plan of the paper is the following. In section 2, a formula first proposed by Einstein will be considered. On that basis, it will be shown in section 3 that the gravitational potential of all the universe implies an acceleration of light. Section 4 contains an estimation of the acceleration of light which turns out to be close, al least, to the Pioneer acceleration. This would give a solution to the riddle. Section 5 shows that the Pioneer effect is a consequence of the dynamics of time: the speed of light would be constant with respect to a cosmological proper time, which in turn would accelerate with respect to the coordinate (parametric) time. The conclusions will be stated in Section 6.
On Einstein and the speed of light
In many people's mind, Einstein's name is associated to the second postulate of his special relativity, frequently misinterpreted as the statement that the observed speed of light is a universal constant. This was not his view, in fact he discovered that it depends on space and time, during his approach to general relativity between 1907 and 1912. His papers of that period, often considered just as matter for historians, are however of great interest for the physicists, in particular because of his discussions on the variation of the light speed in a gravitational field [6, 11] .
In the last section of a review paper in 1907 [7] , Einstein introduces his principle of equivalence, derives from it his first formula for the bending of a light ray and concludes that the light speed must depend on the gravitational potential. According to Pais, "the study of Maxwell equations in accelerated frames had taught him that the velocity of light is no longer a universal constant in the presence of gravitational fields" [6] . In 1911 he takes anew the question in a paper entitled "On the influence of gravitation on the propagation of light" [8] , where he uses again his principle of equivalence. After a discussion on the synchronization of clocks, he concludes that "if we call the velocity of light at the origin of coordinates c 0 , where we take Φ = 0, then the velocity of light at a place with gravitational potential Φ will be given as
He thus confirms, with a more detailed analysis, the conclusion of this 1907 paper, stating also that eq. (1) is a first order approximation. It can be written a bit more explicitly as
where Φ R is a reference potential (at present time in a terrestrial laboratory R). From now on in this paper, c 0 will be the light speed observed at R, i. e. the constant that appears in the tables. Equations (1)- (2) state that c must vary, so that the deeper (more negative) is the potential, the smaller is the light speed and conversely (at the surface of the Sun, c would be about 2 ppm lower than here at Earth). Note that they are contrary to the frequent assumptions that the light speed is a universal constant of nature and that relativity precludes absolutely any variation of it (see also [8] ).
In two papers in 1912 [9] , he states that the non constancy of light speed in the presence of gravitational fields, "excludes the general applicability of Lorentz transformations". Going even further, he considers the light speed as a field in spacetime c(r, t) and says "a clock runs faster the greater the c of the location to which we bring it", a statement quite similar to consequence (ii) at the introduction of this work that the acceleration of light must cause or be related to an acceleration of atomic clocks, to be discussed in section 5. Einstein proposes then for the variable light speed in a static situation the equation ∇ 2 c = kcρ, k being a constant and ρ the density of matter. In the second paper, he reaches the conclusion that the variation of the light speed affects Maxwell's equations, since c appears in the Lorentz transformations, what establishes a coupling between the electromagnetic and the gravitational fields which the deems not to be easy to analyze. As a dynamical equation for the field c = c(r, t), he proposes the equation
, where σ is the sum of the mechanical and electromagnetic densities [6, 11] .
In 1912, in a reply to a critical paper on relativity by M. Abraham, Einstein states clearly "the constancy of the velocity of light can be maintained only insofar as one restricts oneself to spatio-temporal regions with constant gravitational potential. This is where, in my opinion, the limit of the principle of the constancy of the velocity of light -thought not of the principle of relativity -and therewith the limit of the validity of our current theory of relativity, lies" [10] . What Einstein says here is that the principle of relativity is not the same thing as the principle of constancy of light speed: the latter must not be taken as a necessary consequence of the former. Furthermore, he insists that the light velocity can depend on Φ, as was the case with his eq. (1). Indeed, to give an example, in the Schwarzschild metric obtained four years later, one has for a null geodesic dℓ/dt = c(1 −2GM/c 2 r)
which, for r much larger than the Schwarzschild radius 2GM/c 2 , reduces to dℓ/dt = c(1 − GM/c 2 r), i. e. to Einstein formula (1), c being here the light speed at infinite distance.
It seems clear, therefore, that, according to (1)- (2), the light speed must be a function c(r, t), with both a space and a time variation. The first depends on the distribution of matter and energy. The second however must be dominated by a secular progressive increase, since the potential Φ produced by all the matter and energy must be an increasing function of time because of the universal expansion.
Note that all this refers to the observed speed of light in empty space. However, c has several other meanings, for instance the speed of gravitational waves in empty space or the constant that appears in the Einstein Lagrangian of General Relativity [12] .
This can understood by considering the element of interval in weak gravity
Φ loc (r) being here the (weak) gravitational potential of nearby bodies, those that produce a non negligible acceleration g(r) at the observation point (the Solar System and the Galaxy, here). Along a null geodesic one has thus for the light speed at a generic point P ,
, R being here a reference point. Assume for a moment that the light speed increases adiabatically in time as c(t) =cf (t),c = c(t) being its value at some fixed timet in the past, f = 1 + η(t −t) (so that η(0) = 0), η being small and increasing in time. Defining the function Π(t) = log f = log[c(t)/c] ( ≈ η(t −t) near timet), the interval (3) can be written as
where the potential Φ loc has been neglected since we are interested in the effect of the background potential of all the universe(note that Π(t) = 0). With eq. (4), one has for a null geodesic
It is clear therefore that Π, which is space independent but time dependent, can be interpreted as a uniform gravitational potential of global character (over c 2 ). Since (3) and (4) give equivalent descriptions, it turns out that an adiabatic acceleration of light is equivalent to a uniform background gravitational potential in the following sense. At any time, we can use either (i) eq. (3) with a time dependent c(t) and no potential Π, or (ii) eq. (4) with a constantc and with a non zero potential Π(t). Indeed, it can be said that, if there is background potential, there is acceleration of light and conversely. As will be further explained in next section, Π(t) turns out to be the increment since the timet of the quotient Φ all /c 2 , the numerator being the gravitational potential due to all the universe. If in the second option we taket = t 0 (t 0 being the present time, i.e. the age of the universe) and, consequentlyc = c 0 (i. e. the value in the tables), then Π(t 0 ) = 0 butΠ(t 0 ) > 0 because the galaxies are separating in the universal expansion, this implying that light must be accelerating (overdot means time derivative). A third equivalent expression for ds 2 will be considered later, in section 5.
Estimation of the adiabatic acceleration of light
The effect of the expansion on the potential at a spacetime point will be considered now, performing an estimate of the acceleration of light. The potential of all the universe at the terrestrial laboratory R can be written, with good approximation, as Φ all = Φ loc (R)+Φ av (t). The first term Φ loc (R) is the part due to the local inhomogeneities, i. e. the nearby bodies (the Solar System and the Milky Way). It is constant in time since these objects are not expanding. The second Φ av (t) is the space averaged potential due to all the mass and energy in the universe (except for the nearby bodies), assuming that they are uniformly distributed. Contrary to the first, it depends on time because of the expansion. The former has a non vanishing gradient but is small, the letter is space independent, but time dependent and much larger. The value of Φ loc /c 2 0 at R is the sum of the effects of the Earth, the Sun and the Milky Way, which are about −7 × 10 −10 , −10 −8 and −6 × 10 −7 , respectively, certainly with much smaller absolute values than Φ av (t 0 ), which of the order of −10 −1 as will be seen below. The difference in the LHS of (2) is thus
where Φ loc has been neglected, being much smaller than Φ av . Einstein's equation (2) takes then the form
which is the first order approximation to (5) witht = t 0 . When he proposed it, he had in mind a time independent situation, it is well known that he liked a static universe. Eq. (7) is the same formula (1), but applied to the case of a uniform time dependent potential. It shows that Π(t) is the increase of the gravitational potential due to all the universe over c 2 since the time t 0 (=t), as stated in the previous section, and that the background gravitational potential of all the universe has an influence on the light speed.
Taking the time derivative of eq. (7), the light speed near present time is equal to c(t)
the quantity a t and the light acceleration a ℓ being a ℓ = a t c 0 , with a t =Π(t 0 ) .
The inverse time a t can be interpreted as an acceleration of time or of the atomic clocks (note that the function η(t − t 0 ) defined in section 3 is equal to a t (t − t 0 )). This quantity was introduced by Anderson et al in reference [1] its value being deduced there from the observed a P through the relation a P = a t c. A simple estimate of its value can be made in this model as follows. Let Φ 0 be the gravitational potential produced by the critical mass density distributed up to the distance R U (for instance
Gρ cr 4πrdr ≃ −0.3 c 2 if R U ≃ 3, 000 Mpc) and let Ω M , Ω Λ be the corresponding present time relative densities of matter (ordinary plus dark) and dark energy corresponding to the cosmological constant Λ. Because of the expansion of the universe, the gravitational potentials due to matter and dark energy equivalent to the cosmological constant vary in time as the inverse of the scale factor R(t) and as its square R 2 (t), respectively. Since Π(t) = Φ av (t) − Φ av (t 0 ), it turns out therefore that
where , from which it follows that the inverse time a t and the present value of the acceleration of light are
Note that, since H 0 c 0 = 6.9 × 10 −10 m/s 2 ≃ 0.8 a P , a t and a ℓ are close, at least, to 0.6H 0 and to the 0.5 a P , respectively. However, this is a simple estimate, so that these values are approximations. In particular, the effect of the cosmological horizon, which is not included in (11), must be considered. In order to do that, the simplest method is to multiply the upper limit in the integral used before to calculate Φ 0 by (t/t 0 ). This is an approximation, admissible if the light speed does not change much, what is actually the case as will be seen in next section. The average potential at time t is given then as
Since the scale factor is R(t) = (Ω M /Ω Λ ) 1/3 sinh 2/3 (3Λ) 1/2 t/2 for this model universe, Φ av (t) goes to zero at t = 0, while this limit would be −∞ without the effect of the cosmological horizon. This makes a great difference in the past.
The difference is smaller for the light acceleration of at present time. Instead of F 1 (t), the function
2 (t). Proceeding straightly as before, the accelerations of time and of light are not given by (11) , but by
so that a ℓ ≃ 7 × 10 −9 m/s 2 ≃ 0.8 a P . In the rest of this work, the effect of the cosmological horizon will be included by using the expressions (12) and (13) .
The important point is here that the model predicts the existence of an adiabatic acceleration of light, implying a blue shift with a value close to the one observed in the Pioneer 10 and the spaceships. This is what would give an explanation of the phenomenon.
It must be underlined that the acceleration of light is a simple consequence of Einstein formula (2), taking into account the expansion of the universe, since the potential Φ is increasing because of the expansion, so that c must increase also. This increase, in turn, produces a blue shift as shown in section 1, with the same observational signature as an extra attraction from the Sun. It could be argued, however, that the gravitational redshift would cancel the increase in c since the frequency decreases when photons climb up along an increasing potential. However, the well known expression for the gravitational redshift ∆ν/ν 0 = −∆Φ/c 2 0 is not valid here, since it assumes static situations which is not the case in an expanding universe (see [13] ).
Is time accelerating?
As explained in section 2, Einstein asserted in 1912 that clocks run faster the higher is c (page 104 of the first paper of [9] ). This means that the higher is c the larger is the quotient ∆τ /∆t, i.e. an interval of proper time over the corresponding interval of coordinate time. He was thinking then in clocks at different space points, but the same can be said clearly about clocks at different times: if he had known the universal expansion (unsuspected however at that time) he could have added "and, besides, clocks run faster as time goes on". The (cautious) claim of this and previous work is that the Pioneer acceleration is an effect of the acceleration of light. These two statements are equivalent. Indeed, if the observed blue shift is the consequence of the acceleration of light, the basic units of time (i. e. the periods of electromagnetic waves) would be decreasing (see section 1) and atomic clocks going faster. Otherwise stated, the Pioneer effect could be a manifestation of the acceleration of time, as measured by atomic clocks. This may seem strange:
With respect to what could time accelerate?
To understand better this question, consider a third intriguing possibility to interpret the metric of the expanding universe, in addition to the two given in section 3, eqs. (3)-(4) .
Let a light ray connect two nearby events separated by the space distance dℓ, so that the light speed is c(t) = dℓ/dt. Equation (4) (witht = t 0 and neglecting the space variation due to the local inhomogeneities given by Φ in the exponent) says that
while Einstein formula (2) implies that
which is the first order approximation to (14) , the one that will be used from now on. This paper is about what happens now or in an interval around present time t 0 , its main result being the prediction of an adiabatic acceleration of light with a value close to the Pioneer acceleration. However, we can explore as well the model towards the past, aa a mean to understand better the problem. Let the light speed at zero average gravitational potential
] (and at time zero as well, since Φ av (0) = 0). Defining the time τ as
and using, for simplicity, the linear approximation in the potential, at the right, it turns out that
This means that the light speed with respect to time τ would be constant and equal to c
, its value at time zero. Which is the meaning of τ ? Neglecting the effect of the local inhomogeneities and witht = t 0 , the element of interval (4) can be written as 
Equation (18) is equivalent to eqs. (3)- (4) . Note that the effect of the background potential Φ av is included in the definition of the time τ , while the light speed c * is its value without potential. This is the third interpretation of the interval mentioned at the end of section 3. The time τ is a cosmological proper time, neglecting the local inhomogeneities. Note that d 2 τ /dt 2 = a t , what means that the inverse time a t is the acceleration of the cosmological time τ with respect to the coordinate time t.
In Figure 1 , the cosmological proper time τ (16) and the coordinate time t are plotted versus the coordinate time in units of the age of the universe. The second curve is obviously a straight line, but the first is a curve that increases its slope so that d 2 τ /dt 2 > 0 after t ≃ 0.35. It happens that τ (t 0 ) ≃ 1.06 t 0 . In other words, the age of the universe, as measured by τ , would be 1.06 t 0 , while it is just t 0 in terms of t. This is due to the adiabatic acceleration a t of τ with respect to t. Note that the difference between τ and t is very small until recent times. If, instead of the linear approximation in the potential, the exponential expression for τ is used (16), the lines are practically superposed with those of Figure 1 . In other words, the linear approximation in the potential is good. The space averaged gravitational potential of all the universe Φ av (t)/c 2 (t), given in (12) , is shown in Figure 2 versus the coordinate time t. It is negative for t 0.5t 0 and has a minimum at t ≃ 0.35t 0 . Figure 3 shows the inverse time a t , i.e. the time derivative of the potential Π(t) (or equivalently the acceleration of the proper time, i. e. the second derivative d 2 τ /dt 2 ), against the coordinate time. Note that its value would be now ≃ H 0 , as stated in (13) and that it is zero at t ≃ 0.35 and positive afterwards.
In Figure 4 , the space averaged value of the light speed is plotted against t. It increases after t ≃ 0.35t 0 . Note that its value for t = 0 turns out to be c * ≃ 0.64c 0 and that 1 − c * is proportional to Φ 0 .
Summary and conclusions
The conclusions of this work are the following:
1. The observed light speed must be a function of space and time if measured in terms of the coordinate time t (its changes at human scale being however negligible), in such a way that it is lower near dense or massive objects (about 2 ppm lower at the Sun surface than here, for instance). This follows from eq. (1), a formula discovered by Einstein in 1907, just after proposing its special relativity, which states that the light speed is a function of the gravitational potential Φ (for weak gravity) which is higher where Φ is larger (and which is still valid as a first approximation for weak gravity in general relativity). 2. Because of the expansion of the universe, the light speed must depend on time, its variation being dominated by a secular adiabatic increase, due to the progressive augmentation of the average gravitational potential Φ av (t) as the galaxies separate. As a consequence, there would be a universal and adiabatic acceleration of light, equal to a ℓ = a t c 0 , a t being the time derivative of the background gravitational potential due to all the universe (over c 2 (t)). It has been shown that a simple estimation (assuming for simplicity that all the matter and energy of the universe are uniformly distributed) gives for the light acceleration the values a ℓ ≃ H 0 c 0 ≃ 0.8a P , close to the Pioneer acceleration. Furthermore, if a P = a t c, then a t ≃ H 0 where H 0 is the Hubble parameter.
3. Such an adiabatic acceleration has the same observational signature as an extra blue shift due to an acceleration of a radio source as the Pioneer. However, it would be quite unrelated to its motion. In other words, it could be easily interpreted as an anomalous acceleration, even if the ship were following the exact trajectory predicted by current theory of gravitation. This blue shift could be just the manifestation of the acceleration of light because of the expansion of the universe. 4. A cosmological proper time τ can be defined (eq. (16)) in such a way that its second derivative with respect to t would be equal to the inverse time a t . In other words a t would be the acceleration of the cosmological time τ with respect to the coordinate time t. Near present time, dτ = [1 + a t (t − t 0 )]dt = [1 + a P (t − t 0 )/c 0 ]dt.
It turns out that light would accelerate with respect to t but would be constant with respect to τ , the constant being then its value for zero gravitational constant. It is to be noted that, in a contracting phase of the universe, the light speed would decrease (with respect to t) and an extra redshift would be observed (instead of a blueshift) in a spacecraft such as the Pioneer, its apparent acceleration being directed outwards from the Sun; furthermore, the proper time would decelerate with respect to the coordinate time. As all this indicates, the Pioneer phenomenon is a very interesting case of the dynamics of time [14, 15] . Some of the consequences of the interplay between the two times t and τ could be unexpected and surprising at the cosmological level.
5. An important aspect of the problem refers to the detection of the blueshift. If the frequency of the radio signal from the Pioneer are measured with atomic clocks, no extra acceleration would be observed because the period of these clocks would suffer the same change as the period of the signal. However the blueshift can indeed be measured, as was the case, by using detectors with circuits calibrated in a macroscopic way. It must be said that the time used by the astronomers is usually a coordinate time.
The relation of the formalism used here with the previous version of the model [3, 4, 5] will be studied in future work.
The conclusion of this work is that the anomalous acceleration of the Pioneer and other spacecrafts could be only apparent, not real, just an effect of the dynamics of time that shows up in the acceleration of light with respect to the coordinate parametric time. This would cause the observed blue shift, which would be, however, quite unrelated to the motion of the space ships. Indeed, they would have followed the standard trajectories, as predicted by current gravitation theory. All this must be studied by the experts who know the details of the motion of the spacecrafts.
